In this paper, we have formulated a theory for the microscopic interaction of the asymmetric Laguerre-Gaussian (aLG) beam with the atomic Bose-Einstein condensate (BEC) in a harmonic trap. Here the asymmetry is introduced to an LG beam considering a complex-valued shift in the Cartesian plane keeping the axis of the beam and its vortex states co-axial to the trap axis of the BEC. Due to the inclusion of the asymmetric nature, multiple quantized circulations are generated in the beam. We show how these quantized circulations are transferred to the BEC resulting in a superposition of matter vortex states. The calculated Rabi frequencies for the dipole as well as quadrupole transitions during the transfer process show distinct variability with the shift parameters of the beam. A significant enhancement of the quadrupole Rabi frequency for higher vorticity states is observed compared to symmetric single orbital angular momentum (OAM) mode beam at a particular range of the shift parameters. We also demonstrate the variation of superposition of matter vortex states and observe its distinct feature compared to the superposition of the LG modes for different shift parameters. The first order spatial correlation of the superposed states supports this feature and highlights asymmetry in degree of transverse coherence along orthogonal directions on the surface.
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I. INTRODUCTION
Coherent quantum superposition of vortices [1] [2] [3] [4] [5] in atomic Bose-Einstein condensate (BEC) using external field has proved immense potentiality in technology [6, 7] , especially in the area of interference using vortexantivortex pair [8] [9] [10] . There are other recent frontier engineerings with vortices at BEC such as vortex nucleation [11] , fractional quantum circulation [12] . After the pioneering work of Allen et al. [13] on optical vortex carrying orbital angular momentum (OAM), associated with its spatial mode structure, there have been remarkable advancement in creation [14] [15] [16] , manipulation [17] and detection [18] [19] [20] of the OAM states of light along with its utilization to generate the vortex states in BEC [21] . In this regard, the utilization of optical vortex carrying OAM is already established as an attractive opportunity in high-density data transmission [22] , manipulating the motion of microparticles in optical tweezers [23] , optical trapping of atoms [24] [25] [26] [27] [28] and quantum information processing [18, [29] [30] [31] [32] . However, the interaction of an atom with optical vortex, in the dipole approximation, inevitably transfers OAM to the center-of-mass (c.m.) of the atom, below the recoil limit, and rotates the atom around the axis of the beam [33] [34] [35] [36] [37] [38] [39] . This transfer mechanism generates quantized vortices in the atomic BEC either through Raman processes [21, [40] [41] [42] or slow light technique [43] . Moreover, only one recent theoretical work [41] followed by two experimental realizations [44, 45] demonstrate the detail picture of the transfer * subratappt@iitkgp.ac.in † sonjoym@phy.iitkgp.ac.in procedure of the OAM from the optical vortex to the electronic motion of the atom. Furthermore, such transfer process has been used to realize vortex-antivortex superpositions, whose applications are well studied in the literature [6, 7, 46] .
Propagation of off-axis Gaussian and higher order modes of a light beam in lens-like media with spatial gain or loss variation leads to astigmatism and asymmetry in the beam [47, 48] . Different asymmetric properties of light beams propagating through the turbulent atmosphere have been investigated in recent years [49, 50] . Vasnetsov et al. [51] showed that misaligned LaguerreGaussian (LG) beam can be represented as superposition of Bessel-Gaussian beams carrying well defined OAM. Phase structure and intensity of the LG beam can be manipulated by coaxial superposition of the beam with the help of off-axis hologram [52] [53] [54] . Kovalev et al. [55] introduced asymmetric Laguerre-Gaussian (aLG) beams generating OAM non-linearly depending on the asymmetry parameter and produced the crescent-shaped intensity beam pattern. This modified OAM provides extra degree of freedom for two-photon entanglement if aLG beam is used as pumping laser beam [29, 55] . However, to the best our knowledge, no investigation on the interaction of aLG beam with the ultracold atoms, in particular, atomic BEC has been addressed in the literature so far. Motivated by the limited number of literature on the interaction of such singular light beam [56, 57] with matterwaves compared to the richness of the phenomenon, here, we investigate the microscopic interaction of the aLG beam with the ultra-cold atoms and employ the developed formalism to generate a superposition of vortex states in the latter. Since the aLG beam can be ex-pressed as a summation of co-axial LG beams with multiple quantized OAM (see Eq. (6)), the interaction of the aLG beam with BEC is expected to produce a superposition of multiple vortices in the latter. One of our recent works [1] showed that multiple vortices in BEC can be created even from single LG beam using two-photon Raman transition if the beam is non-paraxial. In that case, the creation of the superposed state is generated via three different intermediate electronic states due to the spin-orbit coupling of light and also the superposition is very weak. However, for an aLG beam, two-photon Raman transition requires only single intermediate electronic state and we observe superposition multiple vorticities with the same sign of orientation.
Long range of spatial ordering of coherence is well known for non-vortex BEC [58, 59] . However, our analysis here along the two dimensional cross-section of the condensate shows smaller range ordering of the vortex system and which even varies non-uniformly in different directions on the cross-section with the shift parameter of the aLG beam. This feature is consistent with the tomography of density. Therefore, this is an unique mechanism in ultra cold atoms similar to condensed matter systems such as superfluids, type-II superconductors, quantumHall effect materials, and multicomponent superconductivity [60] [61] [62] [63] [64] [65] [66] [67] .
The paper is organized as follows. In Sec. II, we discuss the properties of the aLG beam and formulate the corresponding interaction theory between the aLG beam and cold atom. In this section, we have also proposed a model to create a superposition of vortex states in BEC using single aLG beam. Section III describes the numerical results and discusses the superposition of final states which can lead to a large quantum number entanglement as suggested by Fickler et al. [68] . In the last section, we conclude our results and present some theoretical as well as experimental outlooks of the paper.
II. THEORY A. Asymmetric Laguerre-Gaussian beam
An LG beam profile propagating along the z-axis without any off-axis radial node and with positive helicity can be expressed in Cylindrical polar coordinate (ρ, ϕ, z) [13] as
Here w(z) = w 0 1 + z 2 z 2 R and ζ(z) = tan
zR , where w 0 is the waist of the beam, k is the wavenumber, and z R = kw 2 0 /2 is called Rayleigh range. l is the magnitude of topological charge or OAM quantum number per photon and it measures the amount of vorticity in the beam [13] . The beam profile at the plane z = 0 takes the form
In order to include the asymmetric property in the beam, we consider complex valued shifts δ x and δ y in the transverse coordinate x and y respectively [55] such that
x → x − δ x and y → y − δ y .
To retain the center of the vorticity at the axis of the beam, we assume δ x = −iδ y = δe iβ , where δ and β are respectively the magnitude and the argument of δ x . The shifted beam amplitude in the Cartesian coordinate takes the form as
where shift dependent parameter, A is
to keep the power of the beam profiles (2) and (3) 
Therefore, for nonzero values of δ, the intensity profile of the beam does not preserve its symmetry in the Cylindrical coordinate, which is graphically illustrated in FIG. 1. In this figure, we have presented the variation of transverse intensity patterns of the beam at z = 0 plane for different shift amplitudes (δ). We have considered unit topological charge of the beam i.e., l = 1, in all the plots of FIG. 1. It can be clearly seen from the plots that the intensity distribution becomes more and more asymmetric in nature by increasing the magnitude of δ and peak intensity position rotates with β, but the center of the vortex position is still at the axis of the beam . FIG. 1a shows the intensity pattern of regular LG beam, where we have taken the maximum intensity to be one. The maximum values of the colorbars in the plots reflect that the asymmetricity increases the peak intensity of the beam and tries to confine the beam at a certain region in the transverse plane.
In order to find the near field diffraction pattern, we have used Fresnel diffraction integral [69] with the initial form U ′ (ρ, ϕ, z = 0) and we get
where
After simplifying (see Appendix ), Eq. (5) takes the form as
where asymmetry coefficient
n . Therefore, by introducing the complex shift along x-and y-direction and keeping the center of the vortex along the axis of the beam, one can decompose the aLG beam as a superposition of an infinite number of coaxial LG beams of consecutive charges with different amplitudes. The exponential factor e inβ corresponds to a relative phase difference β between successive secondary LG beams. Here, we consider the value of δ within the value of the beam waist. FIG. 2 shows the variations of the asymmetry coefficients C ln and the coefficient of primary component (A). In this paper, we are considering the topological charge of the primary beam to be l = 1 and the maximum value of mode index, n, (in the sum of Eq. (6)) to be 6 beyond which contributions from the secondary components are negligible with respect to the magnitude of complex shift in the unit of w 0 . It is clearly seen from the figure that at the high shift amplitude of the beam, the asymmetry coefficients (C ln ) dominant over the coefficient of primary component (A). 
B. Interaction Hamiltonian
We consider an aLG beam described above propagating along the z-axis of the laboratory frame interacting with a cold atom whose c.m. wavefunction has an extension comparable to the wavelength as well as the waist of the light beam. We also consider that the cold atomic system having the simplest form, composed of an electron of mass m e and charge −e; and a nucleus of mass m n and charge +e. The c.m. coordinate of the atomic system is R = (m e r e + m n r n )/M , with M = m e + m n being the total mass where r e and r n being the position coordinate of the electron and nucleus respectively. The atom experiences the local electric field as
where ω is the angular frequency of the light beam and E 0 is the polarization vector. At t = 0, using Power Zineau Wooley (PZW) scheme, the interaction Hamiltonian can be written as [35, 41] 
where the relative coordinate r = r e − r n . We assume the waist of the aLG beam in Eq. (7) to be in the order of 10 −5 m, while the dimension of an electron orbital in an atom is of the order of a fewÅ.
Therefore, using the Taylor's expansion as |r| ≪ |R|,
Substituting this expression in Eq. (8) and integrating, we get
where H d I is the interaction Hamiltonian for the dipole transition and H q I is the same for the quadrupole transition which are given by
and
where we replacedr
(E x ± iE y ) and ε 0 = E z . Here σ is the spin angular momentum (SAM) of the light. In the paraxial approximation, the E z component is negligible. Here, R ⊥ is the projection of R on the transverse XY plane.
The population of atoms in the final condensate states depend on the transition matrix elements and they are derived using the form M i→f = Υ f |H I |Υ i , where Υ denotes the unperturbed atomic states. We assume Υ(R, r) = Ψ(R)ψ(r), where the c.m. wave function, Ψ(R), depends on the external trapping potential; and the internal electronic wave function, ψ(r), can be considered to be a highly correlated relativistic coupled-cluster orbital [70] [71] [72] [73] [74] . The dipole matrix element is
, j is any positive integer. The quadrupole matrix element is given by
Here F and G are function of R, defined as
Here, we consider the atomic system in a constant zplane, therefore we omitted the gradient over z in ∇U ′ . Let us discuss each of the terms in Eqs. (12) and (13) to understand the mechanism of transferring the OAM (l) and SAM (σ) from aLG beam to the cold atom. The terms which appear in the summation with index n of the Eqs. (12) and (13), signify the effects of the asymmetric nature of the aLG beam on the interacting atom. In the dipole transition, the first term in the square bracket denotes the usual interaction of the LG beam with the atom, where the OAM of the beam transfers to the c.m. of the atom which is already shown in the literatures [1, 37, 41, 42, 75] . In addition to the first term, the second term shows the transfer of multiple vorticities, l + n (where n = 1, 2, 3, · · · , ∞) to the c.m. of the atom due to the asymmetric property of the beam. However, in all the transition channels in Eq. (12) , the SAM of the beam always goes to the electronic motion of the atom and satisfies the selection rule of the transition.
In case of the quadrupole transition, as suggested by Mondal et al. [41] , one unit of OAM from the beam is possible to transfer to the electronic motion via the c.m. of the atom and modifies the selection rule of transition. Therefore, one can see from the Eq. (13) that two excited electronic states are coupled to the initial electronic state through the quadrupole transition. These coupling of two excited states happens by transferring σ+1 and σ−1 unit of angular momenta to the electronic motion of the atom unlike in the case of dipole transitions where the only spin component, σ unit of angular momentum, goes to the electronic motion. In the former case, l−1, l, l+1, · · · unit of multiple vorticities will be transferred to the c.m. of the atom but in the latter case l + 1, l + 2, l + 3, · · · unit of multiple vorticities will go the c.m. of the atom. These multiple vorticities arise due to the asymmetric nature of the aLG beam, having different amplitudes depending on the asymmetric coefficients C ln . In the next subsection, we will discuss how this theoretical model of interaction of single aLG beam with cold atom can be employed to create the superposition of vortex states in BEC.
C. Creation of superposition of vortex states in BEC
For a disk-shaped condensate, the three-dimensional Gross-Pitaevskii (GP) equation can be reduced to a twodimensional GP equation by assuming that the time evolution does not cause any excitation along the z-direction. Experimentally, one can achieve this disk-shaped condensate by applying a very strong trapping potential along the transverse direction compared to the x-and y-direction, i.e. ω z >> ω ⊥ [76] . We have considered that the BEC is trapped in a 2-D harmonic potential where the initial and final stationary states of the c.m. motion of atoms can be written as
where i(f ) stands for initial (final) and κ is the quantum circulation of atoms about the z axis. κ = 0 represents vortex states of the BEC. We 
where µ is the chemical potential of the system. f j (R ⊥ ) is the radial function of the final wavefunction with vorticity j. α i s' are constants depending on the coefficient C ln and two-photon Rabi frequencies of corresponding vortex states, with
For electric quadrupole transition, we assume an aLG the FIG. 4 . According to these matrix elements, the final states will be 4d 3/2 , F = 2, m F = +1 with multiple vorticity κ f = l − 1, l, l + 1, l + 2, l + 3, · · · and 4d 3/2 , F = 2, m F = −1 with κ f = l + 1, l + 2, l + 3, l + 4, l + 5, · · · , respectively. As the transition probability of the quadrupole transition is always very less compare to the dipole transition, we have discussed only the single-photon transitions for quadrupole case in the rest of the paper. However, one can create here a superposition of vortex states using a suitable choice of Gaussian beam through the two-photon Raman transitions. 
D. First order spatial correlation of the condensate
The equal-time correlation of a field at zerotemperature can be expressed as [77] 
In the point of view of many experiments, the first order degree of coherence at two dimensional separation r c = R 1 − R 2 is calculated in the form of surface integral (integration has been carried out over the spatial region
) at z = 0 as
III. NUMERICAL RESULTS AND DISCUSSION
We consider that an aLG beam (with l = 1) interacts with a non-rotating (κ i = 0) 2D BEC having 10 5 number of 87 Rb atoms, trapped in the ground state 5s 1 2 , F = 1, m F = −1 . The Rabi frequencies of dipole and quadrupole transitions using Eqs. (12) and (13) are now evaluated numerically by solving the c.m. and electronic wavefunctions obtained from 2D GP equation [76, 78] and relativistic coupled-cluster theory [70, 73] , respectively. For a disk-shaped condensate, axial trap frequency ω z is very large compared to the cylindrically symmetric radial frequency ω ⊥ [76] . The asymmetry parameter of the harmonic trap is γ = ωz ω ⊥ ≫ 1. For ω ⊥ /2π = 20 Hz the corresponding characteristic length is a ⊥ = 2.4114 µm. For maximum interaction region of beam with trapped BEC, the waist w 0 of the beam is set to be nearly five times of a ⊥ which is 1.2 × 10 −5 m and the intensity I = 10 2 Wcm −2 . The amplitude of the aLG beam ε is related to the intensity I by the relation I = ǫ0c 2 ε 2 , where ǫ 0 is the free space permittivity. To calculate the two-photon Rabi frequencies for the dipole transition, we consider that co-propagating aLG and a Gaussian beam with left circularly polarization (σ = +1) are incident on the trapped BEC. As shown in FIG. 3 , the atoms which will participate in the two-photon transition will reach the final electronic state, 5s 1 2 , F = 1, m F = +1 , of the condensate. Here Gaussian beam is detuned from D2 line by ∆ = −1.5 GHz which is enough to prevent the destructive incoherent heating of the condensate due to spontaneous decay of excited states. Anyway, applying the two-photon transition using aLG and Gaussian beams, the superposition of vortex states are produced at another hyperfine level 5s Single-photon Rabi freq. Ωq for final vortex states B. Dependance of quadrupole Rabi frequencies on the shift parameter Table II and III present the variation of Rabi frequencies with the shift parameter for the single-photon quadrupole transitions corresponding to selection rule ∆m F = +2 and 0, respectively. FIG. 6 and 7 correspond to Table II and III, respectively. Due to the transfer of one unit OAM to the electronic motion, the primary quadrupole transitions generate electronic states 4d 3/2 , F = 2, m F = +1 and 4d 3/2 , F = 2, m F = −1 of the condensate ( see FIG. 4 ) with the vorticities κ f = 0 and 2, respectively. The additional secondary vorticities are produced from the asymmetric property of the beam. As shown in the figures, Rabi frequencies of the primary transitions for both the cases monotonically decrease with the shift parameter, similar to the case of dipole transition discussed above. For the quadrupole transition with ∆m F = 0, the Rabi frequency of the primary transition (with κ f = 2) can be smaller than the Rabi frequencies of the next three secondary transition ( with κ f = 3, 4 and 5) for high shift parameters of the beam. However, the situation is different for the quadrupole transition satisfying the selection rule ∆m F = 2. In this case, at high shift parameter of the beam, the Rabi frequency of the primary quadrupole transition (with κ f = 0) is significantly smaller in comparison to the all four secondary transitions presented in the FIG. 6 . The interesting feature in FIG. 6 is that at the shift parameters close to 0.6 and 0.8, the quadrupole Rabi frequencies for the secondary transitions with κ f = 1 and 2 can have appreciable large values compared to the primary transition (Ω q0 ). These enhancements of the amplitudes of the quadrupole Rabi frequencies arise due to term (j − As shown in the FIG. 3 , the condensate ground state with atoms having electronic state 5s 1 2 , F = 1, m F = +1 contains multiple vorticity. Therefore, a superposition of matter-wave vortex states is generated from single aLG beam in the non-vortex BEC. The pattern of the superposition depends on the populations of each of the vortex states which are calculated from the probability amplitudes α 1 , α 2 , α 3 , α 4 and α 5 corresponding to the macroscopic matter vortices, κ f =1, 2, 3, 4 and 5, respectively, (see Eq. (14)). These probability amplitudes are determined from the two-photon Rabi frequencies of the dipole transition and each of the α's carry a phase term e inβ . The variations of the α's with the shift parameters have been shown in Table IV . Using the Eq. (14) and Table  IV, Controlling the parameters δ and β, we can manipulate the position of peak particle density in BEC. 
C. Spatial degree of coherence of the superposed condensate
Here we have considered correlation for different ordering scales over the condensate surface using surface integral. FIG. 9 demonstrates how the absolute value of first order correlations or degree of coherence vary with spatial order r c = x cx + y cŷ for different value of the shift parameter, δ, of the aLG beam in the case of β = π/4, here x andŷ are the unit vectors along the transverse coordinates of the trap. The tomography of correlation order shows smaller spatial ordering for matter vortex, which is otherwise long range [79] and axisymmetric. Another noticeable point is directional specific coherent structure of spatial ordering and this differentiability from the axisymmetry becomes larger with the increased values of δ. Moreover, this is consistent with the density profile shown in FIG. 8 . To quantify the variations of coherence, we plot the absolute value of g (1) at FIG. 10 with respect to spatial order r c (= x 2 c + y 2 c ) along the lines x c = y c (blue dashed line) and x c = −y c (red line) on the z = 0 plane. These directions are chosen as we find large variation of g (1) values along the line x = y with respect to δ. Along both the lines, g (1) is minimum nearly at r c = 6. Again, this direction of large variation of degree of coherence changes with the value of β, the phase of shifting parameter of the aLG beam. These datum of coherence will be useful ingredient for atom interferometry experiments [80] using condensed atoms. 
IV. CONCLUSION
In this paper, we have derived a theory of interaction for dipole and quadrupole transitions in atomic BEC due to the external field of aLG beam. The asymmetric property in the beam has been incorporated by considering a complex-valued shift to a conventional LG beam in the Cartesian plane. We have shown that aLG beam, where the vortex center coincides with the beam axis, can be considered as a weighted superposition of an infinite number of LG modes having consecutive topological charges of increasing order with same orientation as the unshifted LG beam. Transfer of multiple OAM from the beam to the BEC generate a superposition of vortex states sharing same intermediate electronic state in two-photon Raman transition. We have found that the dipole and quadrupole Rabi frequencies as well as the superposition of the vortex states can be controlled externally by changing the asymmetry parameter of the beam. This asymmetric effects of the aLG beam could be experimentally corroborated by measuring the OAM in the BEC using surface wave spectroscopy [81, 82] . The fascinating phenomenon of producing multiply quantized vortices in BEC has been the subject of intensive research in superconductivity [67] , superfluid Fermi gases [83] [84] [85] and even in real material [86] . A significant enhancement of quadrupole Rabi frequency has been observed for certain complex-valued shift in the beam. Moreover, the study of degree of coherence of the final condensed state shows interesting directional dependent variations at the z = 0 plane of the trap, which may lead to interesting physics in atom interferometry. There are several research directions to consider in future efforts. One straight forward would be to study how the BEC evolves dynamically while interacting with the aLG beam. Additionally, one could investigate the generation of spin orbit coupling in ultra cold gases by using aLG beam. Also, such study could be extended to the cases where long range interaction such dipolar is present in the BEC.
Appendix
In Eq. (5), putting s 2 = ρ 2 − 2ρδe iβ e iϕ , we get 
